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Introduction

Introduction

Motivations:

@ Stinespring and Kraus representation are crucial in studying quantum
channels

@ proper topology should be natural in physical sense
@ Stinespring and Kraus representations are multy-valued

@ continuous selection is a natural and desired property
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CETLIC B
C*-algebras

Definition
C*-algebra is a Banach algebra with an involution operation -*, which
possesses the following properties:
o (Ax)* = Ax*
o [lx*x]| = flx/{lx*]]
Self-adjoint (x = x*) elements of a C*-algebra are called positive and the

set of all positive elements we denote by V. We say that a > b iff.
a—beVt,

On topological properties of quantum channe October 2, 2022 6/22



Quentinm clienmcs

Completely-positive maps

Definition

A linear map A between C*-algebras is called positive if it maps positive
elements to positive, A is a C*-homomorphism if it is positive and
preserves squares of self-adjoint elements.

Definition
A linear map A between C*-algebras is called completely positive, the map
id, ® A is positive for any n € N, where id, : C"™" — C"™" is an identity.

On topological properties of quantum channe October 2, 2022 7/22



Quentinm clienmcs

Quantum channels

Definition

Given Hilbert spaces Ha,Hg and algebras of operators B(Ha), B(Hg),
quantum channel in the Schrodinger picture is a map

& Z(Ha) = T(Hp) that is trace preserving and completely positive
(cptp). Dually, quantum channel in the Heisenberg picture is a completely
positive unital map (cpu) ®* : B(Hg) — B(Ha).

There is a dual cpu * for any cptp ® and vice versa, defined by
Trpd*(C) = Trd(p)A for any p € S(Ha), C € B(Hp).

On topological properties of quantum channe October 2, 2022 8/22



Quentinm clienmcs

Representations

The next two theorems provides useful characterisation of quantum
channels:

Theorem

(Stinespring) For any cptp map & there exists a Hilbert space Hg and
isometry V' : Ha — Hpe, such that ®(p) = Tre VpV* and
®*(C) = V*(C®Ig)V forany p € G(Ha), C € B(Hp).
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Representations

The next two theorems provides useful characterisation of quantum
channels:

Theorem

(Stinespring) For any cptp map & there exists a Hilbert space Hg and
isometry V' : Ha — Hpe, such that ®(p) = Tre VpV* and
®*(C) = V*(C®Ig)V forany p € G(Ha), C € B(Hp).

Theorem

(Kraus) For any cptp map ® there exists a set of operators

Vi : Ha — Hp, such that ®(p) = >, VipV* and ©*(C) = >, VI CV; for
any p € 6(Ha), C € B(Hg), moreover y_; VIV = 1.
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Quentinm clienmcs

Topologies on quantum channels

There are several natural topologies on the set of quantum channels:
Definition

Diamond norm is the following functional

1®]lo = supse(rap) P © 1dr(p)]1
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Topologies on quantum channels

There are several natural topologies on the set of quantum channels:
Definition

Diamond norm is the following functional

1®]lo = supse(rap) P © 1dr(p)]1

Consider the single-mode Bosonic quantum limited attenuator, uniquely
defined by A, (|o)(a|) = |na)(nal. Consider one-parametric family of

attenuators {Aq—¢}ser, by [1] [ Ay — Aylle = 2, whenever ) # 1’ and
In| < 1.
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Quentinm clienmcs

Topologies on quantum channels

There are several natural topologies on the set of quantum channels:
Definition

Diamond norm is the following functional

1®]lo = supse(rap) P © 1dr(p)]1

Consider the single-mode Bosonic quantum limited attenuator, uniquely
defined by A, (|o)(a|) = |na)(nal. Consider one-parametric family of
attenuators {Aq—¢}ser, by [1] [ Ay — Aylle = 2, whenever ) # 1’ and
Il < 1.

Definition

Strong topology is a topology, defined by the family of seminorms
® = [|P(p)]1-
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Results
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Preliminaries

Definition

Choi rank of a quantum channel is the minimal cardinality of the set of
operators in Kraus decomposition. (Or minimal dimension of Hg in
Stinespring representation).

Theorem

(Choi-Jamiotkowski isomorphism) Let H,H' and K be separable Hilbert
spaces and |S2) be an unit vector in H @ K such that o = Try |2)(Q] is a
full rank state in KC. Then

9 :F<aHH) = IT(H)2Z(0) : ¢— P Id(|Q)(Q])

is a topological isomorphism. (With respect to strong topology on the set
on cp maps). [2]
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Preliminaries

For given full rank state o = ), \j|i)(i| in &(K) Iet (o) be the subset of
T1(K) consisting of all operators A such that 37, . ‘A‘J \ N (| < k.

By T(H) ® T(o) we assume {A€ T (HRK) | Try A € T(o)}.
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Closedness of finite Choi rank channels
Result

Proposition
Given n € N, then the set of channels with Choi rank not exceeding n is
closed in strong topology.

(Proof sketch) By Choi—Jamiotkowski isomorphism we only need to show
closedness of $)-image of this set.

P 2P — O, ® /d(|Q><Q’) 1l PR /d(‘Q><Q|)

I|mZV 2 QV* &= A

i<n

By the argument from proof in [2], if A has rank n, then its -preimage
has Choi rank at most n.
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Closedness of finite Choi rank channels
Result

The following lemma completes the proof:
Lemma

Let (ox : k € N) C &(H) be such that o — .|, o and o has rank at
most N, than o also has rank at most N.
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Characterisation of homomorphic channels
Result

Definition

Channel ® is unitarily equivalent to a partial trace, if there exists Hg and
unitary V' : Ha — Hpe, such that ®*(C) = V*(C® Ig) V.
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Characterisation of homomorphic channels
Result

Definition
Channel ® is unitarily equivalent to a partial trace, if there exists Hg and
unitary V' : Ha — Hpe, such that ®*(C) = V*(C® Ig) V.

Proposition

Quantum channel is unitarily equivalent to a partial iff.
O*(C*C) = d*(C*)®*(C) for any C € B(H).
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Preliminaries

KSW theorem provides continuity of Stinespring representation in the
following form:

1 -
Sl = Vo <inf[Vo — Vo[l < VI[® = Vo

In [3] selective continuity for sequences was shown. But general selective
continuity is unclear for Stinespring/unitary representations. Here we
provide finite-dimensional version of this property.
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Proposition

Let F C §(Ha; Hg) be a finite-dimensional simplex, defined by a convex
hull of the set of points {®; : i < n}. Let G C F be a (diamond norm)
connected subset of F. Then there exists a continuous selection for
Stinespring dilation for this set.
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Proposition

Let F C §(Ha; Hg) be a finite-dimensional simplex, defined by a convex
hull of the set of points {®; : i < n}. Let G C F be a (diamond norm)
connected subset of F. Then there exists a continuous selection for
Stinespring dilation for this set.

Consider rest : V — V*((-) ® Ig)V. The proof idea is based on the fact
that any point ¢ € G can be uniquely represented as a convex
combination »;_, Ai®;. Then we consider arbitrary representation

{V; i < n}, such that rest(V;) = ®;. In this case we can take

@D, VAiVi as a preimage of such ¢.
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Further steps

Conjecture

Continuous selection exists for any compact set of quantum channels.

Steps might be taken
@ generalize lemma for countable simplices
@ deal with uniqueness of representation
@ apply analog of Gelfand-Mazur theorem
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Summary

Summary

@ closedness of the set of channels with bounded Choi-rank was shown
@ criterion for channels unitarily equivalent to a partial trace was shown

@ restricted property of continuous selection for Stinespring dilation was
shown
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Summary
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